We investigate a class of relativistic fermion theories in 2 < d < 4 space-time dimensions with continuous chiral U(N f ) × U(N f ) symmetry. This includes a number of well-studied models, e.g., of Gross-Neveu and Thirring type, in a unified framework. Within the limit of pointlike interactions, the RG flow of couplings reveals a network of interacting fixed points, each of which defines a universality class. A subset of fixed points are "critical fixed points" with one RG relevant direction being candidates for critical points of second-order phase transitions. Identifying invariant hyperplanes of the RG flow and classifying their attractive/repulsive properties, we find evidence for emergent higher chiral symmetries as a function of N f . For the case of the Thirring model, we discover a new critical flavor number that separates the RG stable large-N f regime from an intermediate-N f regime in which symmetry-breaking perturbations become RG relevant. This new critical flavor number has to be distinguished from the chiral-critical flavor number, below which the Thirring model is expected to allow spontaneous chiral symmetry breaking, and its existence offers a resolution to the discrepancy between previous results obtained in the continuum and the lattice Thirring models. Moreover, we find indications for a new feature of universality: details of the critical behavior can depend on additional "spectator symmetries" that remain intact across the phase transition. Implications for the physics of interacting fermions on the honeycomb lattice, for which our theory space provides a simple model, are given.
I. INTRODUCTION
The universal behavior of matter near the points of continuous phase transitions constitutes one of the most intriguing phenomena in statistical physics. Explaining universality was the great success of renormalization group (RG) theory, which has by now become one of our basic tools to understand systems with many interacting degrees of freedom. Systems near criticality can fall into universality classes which are characterized by only a few basic properties, independent of the microscopic interactions between the particles. In simple bosonic systems, the general characteristics that determine the universality class are well established: the system's dimensionality, the symmetry of the order parameter, and the presence or absence of sufficiently long-ranged interactions. The reason for this simplicity for a large class of purely bosonic theories lies in the existence of just one critical RG fixed point, determining the critical behavior of all these theories within the corresponding theory space [1] .
In systems with fermions, however, the situation can be more complex, and the question of the defining properties of the universality classes could be more subtle. Some issues that arise in these systems are the following: Is the above list exhaustive or can one find two systems with the same dimensionality, symmetry of the order parameter, and range of interaction, but different critical behavior? Does, for instance, the critical behavior depend on additional ("spectator") symmetries that do not take part in the symmetry breaking pattern? Can there be more than one critical RG fixed point in the same theory space? In fermionic systems, different types of interactions often lead to various possible pairing mechanisms, which allow excitations with new quantum numbers, and-upon condensation-lead to new collective modes. These new modes can be scalar fields as in the BCS theory of superconductivity [2] , but other types such as vector modes are equally well possible [3] . Furthermore, fermionic self-interactions are inherently related to Fierz identities, with the help of which we can always rewrite any fourfermion term as a linear combination of a different set of four-fermion interactions. Focusing on only one particular interaction channel and neglecting all others within a single-channel approximation, as is usually done in meanfield approaches, involves an ambiguity which may substantially affect the validity of the approximation [3, 4] . In a RG approach, instead, one should incorporate all interaction channels that are invariant under the symmetry of a given system, and let the dynamics decide which one becomes dominant. At the same time, this allows to study a whole class of theories in a particular theory space and to investigate their decomposition into universality classes.
In this paper, we present a class of relativistic fermion field theories in 2 < d < 4 space-time dimensions, which allows to study these and related questions. In particular, we will investigate the space of theories with Lorentz, continuous chiral U(N f ) × U(N f ), and a set of discrete symmetries, with N f being the number of fourcomponent fermion flavors. This includes the ubiqui-tous 3d Gross-Neveu models [5] [6] [7] [8] [9] [10] [11] [12] [13] , as well as the 3d Thirring model [3, [14] [15] [16] [17] [18] [19] [20] , both of which have been used as testing grounds to study nonperturbative phenomena in strongly-coupled fermion field theories, such as chiral symmetry breaking and nonperturbative renormalizability. Lately, these systems receive revived attention as effective models describing the physics of condensed matter systems that incorporate fermionic excitations with relativistic dispersion relation, in particular graphene [21] [22] [23] [24] [25] and the surface states of topological insulators [26] . Since interactions in graphene are strong [27] , the question of possible quantum transitions from the semimetallic into different Mott insulating [21, 28] or superconducting [29] phases has extensively been investigated previously. We here take a somewhat different viewpoint: Instead of focusing on the various possible infrared (IR) phases [30] , we target at the ultraviolet (UV) structure of our effective-theory space. With the aid of functional RG techniques, we map out the fixed points and the accompanying relevant and irrelevant directions. A fixed point with exactly one relevant direction corresponds to a possible second-order phase transition whose critical behavior it governs. We demonstrate that in the present theory space multiple such critical fixed points may exist, each one of them defining its own universality class. Different theories with identical field content and microscopic symmetries may therefore be in the domain of attraction of different critical fixed points and thus be in different universality classes-even though symmetrybreaking patterns and critical degrees of freedom may be completely the same.
The theory space we propose also represents a simple example to study the possibility of dynamical emergence of symmetry due to an IR-attractive RG fixed point in a higher-symmetric subspace. Emergent symmetry is a well-known phenomenon in various condensedmatter systems, which often exhibit rotational symmetry at low energy, while the microscopic Hamiltonian explicitly breaks (continuous) rotational invariance. For lattice regularizations of rotational-invariant field theories, dynamic enhancement of the rotation symmetry is essential in order to avoid the need for fine tuning. The possibility that Lorentz symmetry, instead of at very high energies being explicitly realized, could be emergent as a lowenergy phenomenon is an old idea [31] and a key requirement for Horava's approach to regularize quantum gravity [32] . It is also believed that the critical points in the graphene system are Lorentz symmetric [21, 22] . Close to a strong-coupling fixed point in (3+1)-dimensional conformal field theory [33] and in (2+1)-dimensional [34] and (3+1)-dimensional [35] fermionic lattice models supersymmetry could be emergent. Emergent supersymmetry would be highly desirable for lattice formulations of supersymmetric theories, which inevitably break at least part of the supersymmetry on the microscopic level [36] . The emergence of enhanced internal symmetries has also been observed near a fermionic multicritical point with Z 2 × O(2) symmetry [37] and in bosonic O(N 1 ) + O(N 2 ) models [38] , leading to the seemingly paradoxical possibility that Goldstone modes can arise in models with initially only discrete symmetries.
The U(N f ) × U(N f ) theory space we consider in this work includes the higher-symmetric U(2N f ) subspace, which is the theory space of the continuum Thirring model [3, 15] . Already for this simplistic example, the question whether or not lower-symmetric perturbations out of this subspace are relevant in the sense of the RG appears to be nontrivial. It turns out that it can actually depend on the number of flavors N f : Within our approximation we find that for N f > 6 the U(2N f )-symmetric subspace is IR attractive, in accordance with the large-N f analysis [16, 17] , while it becomes IR repulsive for 2 ≤ N f < 6. Due to an additional Fierz identity the N f = 1 case is special, and we again find that perturbations out of the U(2N f ) subspace are irrelevant, as in the large-N f case. These findings shed new light on previous simulation results that employ lattice formulations that generically break parts of the microscopic symmetries of the continuum theories [13, [16] [17] [18] [19] .
In order to determine the RG flow of our theory space we use Wetterich's functional RG equation [39] . For a first analysis, we confine ourselves to the study of pointlike fermionic interactions which is similar in spirit to the quantitatively successful derivative expansion for bosonic theories. As we shall show, this approximation is equivalent to the usual Wilsonian one-loop RG and as such, will become exact to first order in d = 2 + for all N f , or in any dimension 2 < d < 4 for large N f . For the physically interesting case of small N f directly in d = 3, our simple approximation-as the great majority of all other analytical approaches in the nonperturbative domain-may be not sufficiently controlled. However, the use of the functional RG in the present case has important advantages: first, the method provides multiple systematic ways to straightforwardly improve the present simple approximation used here, e.g, by incorporating momentum-dependent vertices or by partial-or dynamical-bosonization techniques-all of which are employed and advanced in recent studies of similar systems [3, [40] [41] [42] [43] [44] . Second, our approach allows to derive a general formula for the one-loop flow of relativistic fermion models, which should be directly applicable to systems with an arbitrary number of interaction channels. We believe that this will be of relevance to future investigation of more complex systems with critical fermion interactions, e.g., in order to derive an effective theory for electrons in the single- [22] or bilayer [45] graphene in 2+1 dimensions, or in the quantum critical systems with quadratic band touching in 3+1 dimensions [46, 47] .
The rest of the article is organized as follows: In the following section we define the theory space that we consider and discuss its symmetries. We briefly introduce our method in Sec. III which we will use in Sec. IV to derive a general formula for the one-loop beta function of relativistic fermion systems with pointlike four-fermion interactions. We discuss the flow equations for our sys-tem in Sec. V. Section VI is devoted to general properties of the one-loop flow in four-fermion models. In Secs. VII and VIII we discuss the fixed-point structure for N f = 1 and N f ≥ 2, respectively. We give an outlook on possible phase transitions and critical behavior in Sec. IX, and conclude in Sec. X.
II. FERMION MODELS WITH
We are interested in the theory space of the U(N f ) × U(N f )-symmetric Gross-Neveu model in 2 < d < 4 spacetime dimensions, which may be defined by the microscopic action [12] 
with space-time index µ = 0, . . . , d − 1 and "flavor" index a = 1, . . . , N f . Summation over repeated indices is implicitly understood. We use a four-dimensional representation of the Clifford algebra {γ µ , γ ν } = 2δ µν 1 4 .
The Dirac conjugate is given byψ = −iψ † γ 0 . A possible application of this model is the system of N f species of fermions on the honeycomb lattice that interact via nearest-neighbor interactions. This interaction can be parametrized by the four-fermi couplingḡ if the four components of the Dirac spinor ψ a are associated with the electron annihilation operators on the two sublattices and the two Dirac points of the honeycomb system, with the "flavor" a representing the spin projection [21, 22] . Accordingly, N f = 2 for spin-1 2 particles. In d > 2, the couplingḡ has positive mass dimension, reflecting the model's perturbative nonrenormalizability. However, it is now well accepted that the existence of an UV stable fixed point ensures that in 2 < d < 4 the model is renormalizable nonperturbatively [5] -a fact that can be reinterpreted as maybe the simplest example for Weinberg's asymptotic safety scenario [12] . In the honeycomb-lattice system the Gross-Neveu fixed point governs the phase transition into the charge density wave phase that is expected for large nearest-neighbor interaction [21] . The one-dimensional theory space defined by Eq. (1) is closed under the RG probably to any order [7, 8] , i.e., once we start with a microscopic action of the form (1) no new interactions will be generated by RG transformations. This fact has been used to construct the fixed-point potential of the Gross-Neveu model at arbitrary order in the fermionic field [48] . However, as we shall see, the RG closedness of this model is a special property of the simple scalar-type interaction, and does generically not hold in systems with more complex interactions, such as in the Thirring model with a vector-type interaction [15] . We will also see that although the Gross-Neveu action defines a RG invariant subspace of theory space, infinitesimal perturbations on the microscopic level may, depending on the number of flavors N f , be RG relevant and drive the system away from the simple Gross-Neveu theory.
In order to investigate the decomposition of the microscopic theories into universality classes-beyond just relying on the universality hypothesis-and to study the stability of the models with respect to perturbations, it is therefore mandatory to incorporate the RG flow of all operators that are invariant under the given symmetries. This defines our U(N f ) × U(N f ) theory space: the space of all fermion theories which enjoy (at least) the symmetries of the Gross-Neveu model [Eq. (1)]. These are the following:
Relativistic invariance:
where
and µν is an antisymmetric tensor defining the rotation axis and angle in (2+1)-dimensional space-time. Here and in the following, where unambiguous, we suppress the flavor index a. x µ = Λ −1 µν x ν with Λ µν being the generator of the spacetime rotations. While the honeycomb lattice explicitly breaks Lorentz symmetry, it is, however, expected to dynamically emerge close to one of the critical points in graphene [21, 22] . Incidentally, the Lorentz transformation of Eq. (2) can be understood as a particular subgroup of the global spin-base transformations SL(4, C) [49] constituted by the similarity transformations of the Clifford algebra [50] .
Flavor symmetry:
with the unitary matrix U ∈ U(N f ). Flavor symmetry is generated by the (generalized) N f × N f Gell-Mann matrices λ i , i = 1, . . . , N 2 f − 1, together with the identity
Continuous chiral symmetry: Due to our fourdimensional reducible representation of the Clifford algebra there now exist two additional Dirac matrices, which anticommute with all three γ µ : γ 3 and γ 5 . Their Hermitean product γ 35 := iγ 3 γ 5 generates the continuous chiral symmetry
where θ ≡ θ(a) may depend on the flavor index a = 1, . . . , N f . Continuous chiral symmetry and flavor symmetry together are therefore generated by the 2N There is an alternative way to understand this symmetry [23] : By making use of the orthogonal projectors P L/R := 1 2 (1 ± γ 35 ) with P 2 L/R = P L/R , P L P R = 0, and 1 Our Dirac matrix conventions are identical to those of, e.g., [3, 15] with the identification, i.e., simple renaming, γ 3 ↔ γ 4 and 
without any mixing between left-and right-handed spinors. (Note that, in contrast to the usual definition of the Weyl spinors in four dimensions, the chiral projector P L/R commutes with γ 0 , such thatψ L ψ R ≡ 0.) Eq. (5) is evidently invariant under flavor rotations of the Weyl spinors:
where the two unitary matrices U L/R ∈ U(N f ) may be chosen independently. This constitutes the Weyl representation of the U(N f ) × U(N f ) symmetry. By separating the trace and the traceless part of the symmetry generator, we may as well split the symmetry group as
where the phase rotations U(1) V (axial transformations U(1) A ) correspond to the transformation (6)- (7) with scalar matrices
factors are the remaining transformations with traceless generators. For the graphene system with N f = 2, these factors have the following physical meaning: U(1) V corresponds to charge conservation, U(1) A denotes the translational symmetry on the honeycomb lattice [22] , and the two SU(2) factors correspond to independent spin rotations in the two Dirac-cone sectors [23] . While the two U(1) symmetries are expected to hold in an effective lowenergy theory of the honeycomb lattice system, the latter may possibly (for large coupling) not. Microscopically, only the single SU(2) transformation rotating the spin simultaneously in both sectors is a symmetry. The second SU(2) factor is, however, believed to be emergent if the on-site interaction does not become too large [21, 23] .
Z 2 chiral symmetry:
The analogous discrete chiral symmetry with γ 3 instead of γ 5 can be obtained by combining (9) with a prior chiral transformation (4) with fixed θ = π/2 [51] . Parity symmetry: We define parity transformation by inverting one spatial coordinate,
Note that different definitions of parity symmetry are in principle possible, when combining (10) with chiral transformations (4). On the honeycomb lattice, the above form corresponds to the reflection symmetry which exchanges the two Dirac points while not exchanging the sublattice labels [22] . The second reflection symmetry of the honeycomb lattice, which exchanges the spinor components belonging to the two different sublattices, is obtained by a combination of (9), (10) , and the rotational symmetry from (2) with µν = π(δ µ1 δ ν2 − δ µ2 δ ν1 ).
Further discrete transformations may be defined, such as time reversal and charge conjugation, both of which leave the Gross-Neveu action (1) invariant. For simplicity, we do not list them here, since they do not lead to any further restraints on possible operators in the theory. The U(N f ) × U(N f ) Gross-Neveu theory space is uniquely determined by the above given set of symmetry transformations.
We now classify all pointlike operators up to the fourfermion level with respect to their symmetry. Let us start with the two-fermion terms, which represent the building blocks of the higher-order operators. 
The two-fermion term (11) 
If we relax the condition of Lorentz symmetry down to the invariance under just spatial rotations, the only invariant two-fermion term would beψγ 0 ψ. In the honeycomb-lattice system this represents the quasiparticle density, which vanishes at half filling. On the level of four-fermion terms there are in principle two different types possible,
which we will refer to as having singlet and nonsinglet flavor structure, respectively. Not all of these terms, however, are independent: With the help of Fierz identities, we can always rewrite terms of the second type (with nonsinglet flavor structure) as a linear combination of terms of the first type (with singlet flavor struc-ture), see below. To begin with, it thus suffices to determine the invariant terms with singlet flavor structure; the nonsinglet-type ones can subsequently be obtained by Fierz identities. From the above discussion it is clear, that only the terms with O = Q will have a chance to be invariant under the given symmetries: Each of the (anti)commutation conditions, which lead to restrictions of the two-fermion terms, [O, γ 35 ] = 0 (continuous chiral symmetry), {O, γ 5 } = 0 (discrete chiral symmetry), and [O, γ 15 ] (parity symmetry), divides the 16-dimensional space of 4 × 4 matrices into two equally large 8 dimensional subspaces of matrices which do and do not respectively fulfill the particular (anti)commutation relation.
Invariance of the four-fermion term (13) requires O and Q to be in the same subspace for each of the symmetries. Together with Lorentz invariance, this is not simultaneously achievable for all three above symmetries if O = Q. Furthermore, for the flavor singlet term in Eq. (13) to be invariant under the continuous chiral symmetry we need O = Q to commute with γ 35 . A basis of flavor-singlet four-fermion terms invariant under the above set of symmetries is therefore
Our theory space includes several previously investigated systems:
(1) The Gross-Neveu model in the four-dimensional reducible representation of the Clifford algebra ("reducible Gross-Neveu model") with Lagrangian L = ψiγ µ ∂ µ ψ +ḡ S (S) 2 has been discussed in Ref. [12] .
(2) If we choose a gamma-matrix basis in which
χ andχ are related to the Weyl spinors by ψ
. In terms of the 2N f flavors of two-component spinors χ i the interaction channel (P )
2 can rewritten as a (standard) Gross-Neveu interaction [3] ,
The Lagrangian L =ψiγ µ ∂ µ ψ +ḡ P (P ) 2 thus describes the Gross-Neveu model in the irreducible representation of the Clifford algebra ("irreducible Gross-Neveu model"). Its critical behavior has been studied in Refs. [5] [6] [7] [8] [9] [10] .
is known as the Thirring model and has also been subject of several previous investigations [3, [14] [15] [16] [17] [18] [19] [20] ].
An analogous discussion for the flavor nonsinglet terms [second term in Eq. (13)] is possible, but can be kept short with the help of the Fierz identities [15] :
where we have abbreviated
This yields an (invertible) one-to-one correspondence between vectors in the space of flavor singlet terms with their "dual" counterparts in the space of flavor nonsinglet terms. Therefore, any invariant flavor nonsinglet term must be a linear combination of the dual basis
A full basis of fermionic four-point functions in the limit of pointlike interactions is thus given by, e.g., the four terms in Eqs. (14)- (15) or the four terms in Eqs. (22)- (25), or a combination thereof. Put differently, any four-fermion theory with the symmetries of the U(N f ) × U(N f ) GrossNeveu model represents one point in the theory space spanned by a set of four basis vectors from Eqs. (14)- (15), (22)- (25) . In the following, we will investigate the RG evolution in this theory space with a particular focus on possible fixed points.
Before proceeding, however, let us make a comment on the special case of single fermion flavor (N f = 1), which in the condensed-matter applications corresponds to the common simplified model of spinless electrons. In this case, we have two further relations between the interaction terms
in addition to the Fierz identities. Evaluation of the corresponding matrix rank yet shows that only one of these two is independent and, e.g., Eq. (26) can be obtained by linear combination of Eq. (27) with the Fierz identities (18)- (21) . Thus, for N f = 1 a "Fierz-complete" basis is given by just three independent interaction terms, e.g., the flavor singlets (S) 2 , (P ) 2 , and (V ) 2 . The corresponding relation among the singlet invariants is (T )
III. FUNCTIONAL RENORMALIZATION GROUP
In order to compute the RG beta functions, we use the functional renormalization group in terms of Wetterich's evolution equation for the effective average action Γ k [39] ,
where Γ k denotes a scale-dependent effective action as a function of an infrared RG scale scale k ∈ [0, Λ] (Λ being the UV cutoff). This action interpolates between the microscopic action S for k → Λ, and the full quantum effective action Γ (generating functional of one-particle irreducible Green's functions) for k → 0. The quantity Γ (2) k denotes the corresponding Hessian of the effective action, and the function regulator R k defines the details of the regularization procedure. Within the approximation used in this work, all our results given below turn out to be independent of the regularization scheme. For reviews on the functional RG, see Refs. [40, 52, 53] .
While the Wetterich equation (29) is an exact identity for the effective average action, it is difficult to solve it without the use of suitable approximation schemes. The four-fermion theories considered in this work exhibit a lower critical dimension of d = 2, at which the four-fermion couplings become marginal. In dimension d = 2 + for small any interacting fixed point will therefore be of the order g * = O( ) and thus accessible via a (renormalized) perturbative expansion. An analogous argument can be made for a large number of fermion flavors N f . Any higher-order fermionic term, as well as momentum-dependent fermionic vertices will then be irrelevant at such an interacting fixed point, and the effective average action in the vicinity of the fixed point will have the truncated form
where we have used the flavor-singlet basis from Eqs. (14)- (15) with scale-dependent four-fermion cou- (30) can be rewritten as a linear combination of the three former terms (S) 2 , (P ) 2 , and (V ) 2 , and Γ k would be spanned by just three couplings. We have neglected the possibility of a wave-function renormalization for the fermions, as the fermion anomalous dimension is known to vanish in the limit of pointlike fermionic interactions [15, 48] . In the following, we will use Eq. (30) as an ansatz for Γ k to solve the Wetterich equation (29) approximately. As all omitted terms are perturbatively RG irrelevant, this truncation will become exact to first order in close to the lower critical dimension, as well as for large number of flavors N f . For the physical cases with = 1 and small N f , Eq. (30) can of course only be viewed as the simplest possible truncation within, e.g., a systematic expansion of Γ k in terms of derivatives. Beyond the perturbative domain, higher-order terms (e.g., momentum-dependent terms) would in principle have to be taken into account, and the stability of our results against the inclusion of such terms would have to be verified. In the framework of the functional RG this can be done, e.g., by means of partial [23, 42] or dynamical [3, 43, 44, 54] bosonization techniques, or by various decomposition schemes in momentum space [40, 41] . A third option is offered by working with full potentials for fermion bilinears and determining the solution of the flow on all scales on a larger function space including weak solutions [55] , as has been used for 3d models in [48] . This will be left for future work, and we will here confine ourselves to the study of the RG flow in the limit of pointlike (momentum-independent) four-fermion couplings.
IV. GENERAL FORMULA FOR 4-FERMI BETA FUNCTIONS
By plugging the ansatz for Γ k [Eq. (30)] into the Wetterich equation (29), the flow equations for the fourfermion couplings can straightforwardly (though possibly somewhat tediously) be obtained by equating the coefficients on the left and right hand side of the equation. However, it appears worthwhile to cast Eq. (30) into a more general form
describing a general massless fermion system interacting via several short-range interactions. Let us assume that the interactions in Eq. (31) represent a "full basis" of fermionic four-point functions in the pointlike limit in the sense of Sec. II, thus including all flavor-singlet terms which are invariant under a given symmetry. Invariant flavor-nonsinglet terms can be rewritten as a linear combination of the above by means of Fierz identities, and in that sense the basis is "Fierz complete". As we shall see in this section, the functional RG equation will allow us to compute the beta functions for this general ansatz of four-fermion interactions. The resulting formula is readily automatable within a computer algebra system. This will allow to compute the one-loop beta functions in various fermion systems in arbitrary dimension. E.g., it should be applicable to derive effective theories for several condensed-matter systems featuring chiral fermions, such as single- [22] or bilayer [45] graphene, or in the (3+1)-dimensional systems with linear [26] or quadratic [46] dispersion relation-systems in which generically a large number of interactions are compatible with the given microscopic symmetries.
In order to formalize the procedure of equating coefficients, we introduce the "projector" (32) with to-be-defined coefficients c ij . In the functional derivatives, the Greek letters α, β, γ, δ = 1, . . . , d γ refer to the spinor index, while Latin letters a, b = 1, . . . , N f denote the flavor index. d γ is the dimension of the representation of the Clifford algebra, {γ µ , γ ν } = 2δ µν 1 dγ . When applied to our ansatz for the effective action [Eq. (31)],
with the symmetric matrix
(Wherever possible, we suppress the scale index k of the couplingḡ l ≡ḡ l,k in the following to avoid confusion.) If we choose the coefficients c ij such that
we find that by applyingP i on the Wetterich equation we "extract" the beta function for the ith coupling constant,
This can be further simplified by introducing the scale-
, which acts only on the regulator's k-dependence [52] ,
and expanding the logarithm in powers of interactions
fermion propagator's Dirac-matrix structure ∼ γµ, which has an analogous form in nonrelativistic chiral fermion systems with quadratic dispersion relation both in 2+1 [56] as well as 3+1 dimensions [46] . We believe that an analogous formula as derived in this section should also be possible to derive for these systems.
Here we have split the fluctuation matrix into its fieldindependent propagator part Γ
k |ψ =ψ=0 (which is straightforwardly invertible) and the fluctuation part ∆Γ
is quadratic in ψ,ψ, and thus the series in Eq. (38) terminates after n = 2 when applying the "projector"P i . In massless systems also the leading term for n = 1 vanishes for reasons of symmetry. The only nonvanishing term when plugging Eqs. (37) and (38) into (36) is then the quadratic term,
ensuring that the flow of the four-fermi coupling has the usual (one-loop) quadratic form
with the coefficient matrix A i,jl to be determined. Here, we have used the standard abbreviations
, which arises from the angular part of the loop integral, and the dimensionless threshold function
, representing the loop integral's radial part. It incorporates the regulator dependence and can be defined by [15] 
In terms of rescaled dimensionless coupling constants
i the beta function reads
By employing the ansatz (31) for Γ k , Eq. (39) gives after some elementary algebra the coefficient matrix
Eqs. (42)- (43) represent the main result of this section. They are (up to the rescaling) exactly the one-loop beta functions as they would have been obtained within the standard Wilsonian momentum-shell RG approach.
In particular due to its simple possible implementation within a computer algebra system, we expect this general formula to be valuable also beyond the scope of the models considered in this work. We will use it in the following to compute the flow of the four couplings present in the U(N f ) × U(N f ) Gross-Neveu theory space [Eq. (30)].
V. FLOW EQUATIONS
A straightforward evaluation of the traces in Eq. (43) gives the beta functions for the pointlike four-fermion couplings in the four-dimensional Gross-Neveu theory space for N f > 1
We observe that these flow equations are symmetric under the exchange of g V ↔ g T . They generalize several previous RG approaches to relativistic fermion systems: 
agrees with the previous calculation [12] . We also see that this subspace is closed under the RG, and g P , g V , and g T will not be generated if they all vanish at the initial scale. The subspace g S = g T ≡ 0 has also been considered earlier, and our flow equations agree with the former work [15] . In this subspace the system's Z 2 × U(N f ) × U(N f ) chiral symmetry is elevated to U(2N f ), generated by the 4N 2 f matrices {λ 0 , . . . , λ N 2 f −1 } ⊗ {1 4 , γ 3 , γ 5 , γ 35 }, and RG closedness is protected by symmetry. This is the theory space of the Thirring model in 2 < d < 4 dimensions [3, 15] . In the following, we will refer to it as U(2N f ) or Thirring subspace.
For N f = 1, when the theory space is just threedimensional, one of the four couplings in Eqs. (44)- (47) can be completely eliminated. Using Eq. (28), we find
If we shift the couplings as
the corresponding shifted beta functions for N f = 1 then indeed become independent of the fourth coupling g T ,
We note that Eqs. (51)- (53) are equivalent to the previous one-loop flow equations for the spinless-fermion system on the honeycomb lattice [22] . 3 The flow equations thus again reflect the fact that for N f = 1 different values for the coupling g T (in terms of the shifted couplings) do not correspond to different physical points in theory space, but rather can be mapped onto each other by means of the Fierz identities; the linearly dependent set of the four elements (S) 2 , (P ) 2 , (V ) 2 , and (T ) 2 , which span the theory space, is no longer a basis for N f = 1, but an overcomplete frame, as used, e.g., in the theory of signal processing [57] . Of course, the same would happen for N f > 1 if further linearly dependent (e.g., flavor-nonsinglet) terms were to be added to the effective action.
Let us express a warning at this point: When counting the number of (physically distinct) fixed points, and the number of their accompanying relevant and irrelevant directions (as we shall do in the following) it is thus important to take all identities between the fermionic terms into account and reduce the frame to a (linearly independent) basis: Otherwise, e.g., critical fixed points, having a single relevant direction in the irreducible basis, may develop spurious additional relevant (or irrelevant) directions in the redundant directions, preventing them to be identified as critical fixed points in the overcomplete frame. On the other hand, if by means of a single-or few-channel approximation we a priori neglect particular (physical) directions in theory space, which in principle would be compatible with the symmetry, a fixed point with several RG relevant directions could falsely appear as critical fixed point in such a truncated description. In this work, we therefore advocate the use of a Fierzcomplete irreducible basis of theory space in order to find the number of fixed points and their relevant and irrelevant directions.
VI. GENERAL PROPERTIES OF THE ONE-LOOP FLOW
The topology of the flow is determined by the fixed points g * of the RG, where all beta functions vanish, ∂ t g| g * = 0. For the fermionic systems in 2 < d < 4 dimensions considered here, they separate the theory space into a domain of attraction of the Gaussian fixed point g * = 0, and the strong-coupling regime, where the flow becomes unstable, signaled by a divergence of the renormalized couplings at finite RG scale. In the vicinity of a fixed point, the RG flow can be linearized and is then governed by the stability matrix B ij ≡ ∂(∂ t g i )/∂g j | g * . Let v I be the eigenvectors and −Θ I the eigenvalues of the stability matrix, i.e., Bv I = −Θ I v I with I = 1, . . . , 4 (I = 1, 2, 3) for N f ≥ 2 (N f = 1). In the basis {v I } we can thus integrate the linearized flow
and v I therewith defines a RG relevant (irrelevant) direction, if the exponent Θ I > 0 (Θ I < 0). We call a fixed point "critical", if exactly one exponent is positive and all others are negative. Such critical fixed points may be associated to second-order phase transitions.
The quadratic form of the one-loop beta functions [Eq. (42) ] causes the flow to exhibit the following simplifying properties:
(1) Any nontrivial fixed point g * = 0 has a positive critical exponent Θ = d − 2. The corresponding RG relevant direction is given by the fixed-point vector g * itself.
(2) The (straight) line connecting the Gaussian with a non-Gaussian fixed point is invariant under the RG. These properties are readily be shown by making use of Eq. (42). The stability matrix has the form B ij = (d − 2)δ ij + 2 k g * k A i,kj and thus [58] 
where in the last step we have made use of the fixedpoint equation ∂ t g| g * = 0. This proves (1). Property (2) is shown similarly: Let λg * with λ ∈ R parametrize the line connecting O with the non-Gaussian fixed point at g * = 0. Then
and is thus parallel to g * itself. Ad (3): Without loss of generality we can define a basis with the two fixed-point
1. Schematic fixed-point structure for N f = 1 (not true to scale!). Any non-Gaussian fixed point g * = 0 has a relevant direction along g * itself. There are three critical fixed points A, C, and E with exactly one relevant direction. The fixed points A, B, and C are located in the higher-symmetric U(2N f ) space gS = 0, which is invariant under the RG (yellow/light gray). A and D [together with the fixed point G at (gS, gV , gP ) = (∞, 0, ∞)] are located in the invariant plane gV = 0 (cyan/dark gray).
vectors g * A,B being the first two basis elements and all other basis vectors pointing out of this plane. The flow out of the plane is thus
Plugging the three (linear independent) fixed-point conditions ∂ t g * A,B,C into Eq. (57) gives A i,11 = A i,12 = A i,22 = 0. The plane containing O, A, B, and C is thus RG invariant. This reasoning can be generalized for n-dimensional subspaces containing n(n + 1)/2 nonGaussian (and suitably located) fixed points.
VII. FIXED-POINT STRUCTURE FOR
For the sake of clarity, we perform the following fixedpoint analysis in d = 3 space-time dimensions. Note, however, that within our approximation we obtain the very same results in general 2 < d < 4 upon the appropriate rescaling of fixed-point values g → (d − 2)g and critical exponents Θ → (d − 2)Θ. We start with the one-flavor case N f = 1, for which the additional "Fierz" identity renders the theory space three-dimensional. Out of the 2 3 = 8 possibly degenerate and complex solutions of the fixed-point equations [Eqs. (51)- (53)] we find 7 real and distinct fixed points O, A, B, C, D, E, and F. Their locations are depicted schematically in Fig. 1 . From the equations for general N f > 1 [Eqs. (44)- (47)] we infer that the 8th solution G of the fixed-point equations, present for N f > 1, diverges for N f → 1. Fixed TABLE I. Fixed points for N f = 1, their locations, and number of relevant directions. GN: Gross-Neveu.
points O, A, B, and C lie in the two-dimensional, and thus RG-invariant, subspace with g S = 0 (yellow/light gray plane in Fig. 1 ). This plane is in fact the Thirring subspace with U(2N f ) symmetry. The fixed-point structure of the U(2N f ) theory space has been investigated earlier [3, 15, 20] , showing that A and C are critical fixed points with exactly one relevant direction within this plane. A is the fixed point which describes the GrossNeveu model in the irreducible two-dimensional representation of the Clifford algebra with a four-fermi interaction that can be rewritten in terms of two-component (Weyl) spinors χ as (P ) (17)]. The critical behavior of A is well-known [5] [6] [7] [8] [9] [10] . The fixed point C describes the chiral phase transition expected in the three-dimensional Thirring model and as such has been dubbed Thirring fixed point [3, 15, 20 ]-although we emphasize that C does not lie on the Thirring axis with pure (V ) 2 = (ψγ µ ψ) 2 interaction, but its fixed-point action includes both (P ) 2 and (V ) 2 contributions [15] . The critical behavior of C has recently also been approached [3, 20] . Here, we are able to determine whether or not small perturbations out of the U(2N f )-symmetric plane are relevant in the sense of the RG. From Eqs. (51)- (53) we find the following critical exponents:
and therefore both U(2N f ) critical fixed points remain critical also in the lower-symmetric U(N f )×U(N f ) theory space. In the vicinity of both A at (g * S , g * V , g * P ) = (0, 0, A second RG-invariant plane is given by g V = 0 (cyan/dark gray plane in Fig. 1) , and it contains besides A the non-Gaussian fixed point D at (g * S , g * V , g * P ) = ( 2 four-fermi interaction, i.e., the Gross-Neveu model in the reducible, four-dimensional, representation of the Clifford-Algebra [12] . The 8th solution G of the fixed-point equations that diverges for N f → 1 also lies in this subplane at (g, 0, g) with g ∝ (N f − 1) −1 . The line (g S , g V , g P ) = λ(1, 0, 1) is therefore also RG invariant, just as the Gross-Neveu axes λ(1, 0, 0) and λ(0, 0, 1). As has been observed previously [22] , both A and D have only one relevant direction in this plane. However, while perturbations out of this plane are irrelevant in the vicinity of A, such is not the case in the vicinity of fixed point D: For this fixed point the critical exponents are
and thus the reducible-Gross-Neveu fixed point D has two relevant directions in the U(N f ) × U(N f ) theory space for N f = 1. Since there is no higher symmetry that could forbid perturbations ∝ g V the fixed point D is not a critical fixed point for N f = 1 and cannot describe a secondorder phase transition, as long as only one microscopic parameter is tuned. There is, however, a third critical fixed point, located at
which has the same critical exponents as fixed point C in our approximation,
Small perturbations near fixed point D drive the flow to either C or E, depending on the sign of g V . We have summarized our results for the N f = 1 fixed-point structure in Tab. I.
VIII. FIXED-POINT STRUCTURE FOR
N f ≥ 2
A. Collision of fixed points
For N f ≥ 2 the additional flow equation renders the U(N f )×U(N f ) theory space four-dimensional, thus generating a more complex fixed-point structure. Generically, one expects 2 4 = 16 possibly complex or degenerate solutions of the fixed-point equations [Eqs. (44)- (47)]. We find that the number of real (and therefore physical) fixed points actually depends on the flavor number N f . In the small-N f regime 2 ≤ N f < N 3.76 the three fixed points H, I, and J collide. I and J merge and subsequently become complex for N f < N (1) f , and exchange stability of one direction with the fixed point H. At N f N (2) f = 6, I collides with the Thirring fixed point C, and J collides with K, again exchanging roles: for N f > 6, C and K become critical fixed points. A and D on the two (irreducible and reducible) Gross-Neveu (GN) axes ∼ (ψγ35ψ) 2 and (ψψ) 2 , respectively, are critical fixed points for all N f ≥ 2.
pairs simultaneously become real and we find 16 real fixed points. A selection of them is listed in Tab . It is also observed for the multicritical fermionic fixed point on graphene's honeycomb lattice as a function of flavor number N f [59] . (2) The other possible situation is that the fixed points "merge" and eventually disappear into the complex plane. Such has been observed in many-flavor QCD [60] , three-dimensional scalar [61] or fermionic [62] QED, and recently also in nonrelativistic systems with quadratic band touching [46] .
In our system, we find two values of N f for which a collision of fixed points occurs. The first one is particularly interesting from a general viewpoint: In the limit
we in fact find two triples of solution, each consisting of three non-Gaussian fixed points that approach each other in coupling space and eventually collide simultaneously at two different locations. Let us discuss one of these triples in more detail. It consists of the three fixed points H, I, and J , which for general N f > N (1) f are located at
are functions of N f , which we do not display explicitly for reasons of readability. The symmetry between the locations of I and J is determined by the g V ↔ g T symmetry of the one-loop flow equations. For N f N
(1) f we find i 1,2 → h 1 and i 3,4 → h 2 , i.e., all three fixed points collide. Two of them (I and J ) merge and disappear into the complex plane for N f < N (1) f , while the third (H) remains as a real fixed point. As can be read off from Tab. II, I and J are critical fixed points with exactly one RG relevant direction for N f above (but close to) N (1) f and exchange one stable direction with the third fixed point H, which becomes critical only for N f < N (1) f . Thus, at this triple collision both phenomena, merging and disappearing into complex plane as well as exchanging roles with respect to RG stability, are realized. The analogous behavior can be simultaneously observed for the second triple of fixed points with 2 respectively 3 relevant directions (these fixed points are not among those explicitly detailed in Tab. II). To our knowledge, the present U(N f ) × U(N f ) system represents the first-known example displaying such triple collision.
The second value of N f at which we find degenerate fixed-point solutions is
Here, two simultaneous collisions of the first kind (à la
we find that fixed point I collides with the Thirring fixed point
with the coordinates c 1,
f . The Thirring fixed point, which lies in the higher-symmetric U(2N f ) subspace, has two relevant directions for 2 ≤ N f < 6 and exchanges roles with respect to stability of one of its RG relevant directions with fixed point I for N f = N f . The same behavior can be observed for the fixed point J that collides and exchanges its role with respect to RG stability with the fixed point
f . We note that the simultaneous collision of two pairs of fixed points, just as the fact that both triples collide at the same N (1) f as discussed above, is a consequence of the invariance of the flow equations [Eqs. (44)- (47)] under the exchange of g V and g T , which ensures that if (g * S , g * P , g * V , g * T ) solves the fixed-point equations, so does (g * S , g * P , g * T , g * V ), and both (not necessarily distinct) fixed points have the same critical exponents. We discuss the stability of the U(2N f ) subspace in the vicinity of the Thirring fixed point in detail in subsection VIII C.
Just as in the one-flavor case, the two (irreducible and reducible) Gross-Neveu axes given by pure (ψγ 35 ψ) 2 and (ψψ) 2 interactions, respectively, each define a RG invariant one-dimensional subspace, since they contain the non-Gaussian fixed points
and we still have four critical fixed points, which however are now A, D, C, and K.
B. RG invariant subspaces
The fixed-point structure can further be elucidated by considering the flow in subspaces that are closed under the action of the RG. Besides the RG-closed onedimensional lines connecting each non-Gaussian fixed point with the Gaussian fixed point, we find three RG invariant two-dimensional planes, each consisting of three non-Gaussian fixed points and the Gaussian fixed point. These are (1) the Thirring subspace, defined by (g S , g P , g V , g T ) = (0, g P , g V , 0), consisting of the fixed point A, i.e., the non-Gaussian fixed point of the Gross-Neveu model in the irreducible representation of the Clifford algebra, B at g * = (0, b 1 , b 2 , 0), and the Thirring fixed point C,
(2) the Thirring subspace's equivalent for g V ↔ g T , given by
consisting of fixed point A, the Thirring fixed point's equivalent fixed point K, and a not further specified fixed point at g
the Gross-Neveu subspace, with
consisting of the fixed points A and D of the irreducible and reducible Gross-Neveu models, as well as the fixed point G at g * S = g * P , (4) a not further specified subspace, in which
consisting of the fixed points H, L, and G. By means of the Fierz identities (18)- (21), we can rewrite the interactions in this subspace as a linear combination of the two Fierz-transformed ("dual") interactions
Subspaces (1) and (3) can be associated with the corresponding one-flavor subspaces studied above. The RG flow in subspace (2) is completely equivalent to the Thirring subspace (1) . (4) is new. We have depicted the RG flow within the invariant planes (1), (3), and (4) in Fig. 2 for the case of N f = 2. While the flow in directions orthogonal to an invariant plane vanishes per definitionem, we emphasize that the answer to the interesting question whether or not small perturbations out of the plane are RG relevant depends on the location considered on the plane, as well as on the flavor number N f . For instance, in the vicinity of the fixed point H (cf. right panel of Fig. 2 ), which is a critical fixed point for 2 ≤ N f < N
f ). By contrast, near the fixed point L, which for all N f ≥ 2 has four relevant directions, perturbations are always relevant. For all N f ≥ 2 and in the vicinity of all four fixed points O, A, D, and G, the Gross-Neveu plane g V = g T = 0 (middle panel of Fig. 2) is stable under small perturbations out of this plane. (Note that this was not the case near the fixed point D for N f = 1, see above.) In the following we discuss in detail the stability of the higher-symmetric U(2N f ) subspace against symmetry-breaking perturbations in the vicinity of the Thirring fixed point C (cf. left panel of Fig. 2 ), as this question has been under some debate in the past [3, 16, 17, 19] . The large-N f analysis [14] shows the nonperturbative renormalizability of the three-dimensional Thirring model with a single interaction parameter g V , which is equivalent to saying that at large N f the Thirring fixed point is critical, at least within the U(2N f ) subspace. In the context of the Thirring model's lattice version, at large N f it has been shown that small perturbations that break the U(2N f ) symmetry are RG irrelevant and the U(2N f ) is IR attractive, at least in the vicinity of the Thirring fixed point [16] . Our RG analysis is consistent with the large-N f behavior, but shows that the IR attractiveness of the Thirring fixed point does not reach all the way down to N f = 2. Instead, there exists a "critical" number of flavors N should not be confused with the chiral-critical flavor number N χ f,c below which the threedimensional Thirring model is expected to allow chiral symmetry breaking [3, 15, 17] . We believe that these two phenomena are unrelated and the respective critical flavor numbers will most likely not coincide.
IX. PROSPECTS ON LONG-RANGE PHYSICS
Within the present fermionic truncation of the effective average action it is generically hard to associate a given critical fixed point with a specific symmetry-breaking pattern and corresponding continuous phase transition. Moreover, the general structure of the beta functions as discussed in Sec. VI renders the single positive critical exponent Θ = d − 2, corresponding to a correlationlength exponent of the associated phase transition of ν = 1/Θ = 1/(d − 2), independent of N f . While indeed many fermionic universality classes in d = 3, e.g., of the Gross-Neveu-type [5-12, 23, 63, 64] seem to point to ν ≈ 1 (±20%), the insensitivity of the fermionictruncation prediction to the specific transition clearly calls for more elaborate techniques to investigate the RG flow in the vicinity of a given fixed point. Within the functional RG, this is, for instance, possible by suitable partial or dynamical bosonization techniques [43, 44] . The nature of the interacting phases expected at large coupling can also be investigated by computing the flow of the order-parameter susceptibilities [65] , or the flows of full potentials for fermion bilinears [55] . Here, we content ourselves with an outlook on possible symmetry breakings associated with the critical fixed points we have found and leave a more detailed analysis for future work.
Some of the fixed points considered in the present work have been discussed earlier. Thirring fixed point C. In the U(2N f ) subspace, the Thirring fixed point is always a critical fixed point [15] . However, only for N f = 1 and N f > N (2) f = 6 + O(d − 2) symmetry-breaking perturbations are RG irrelevant. For N f = 1 the three-dimensional Thirring model is expected to exhibit a spontaneous breaking of the "chiral" U(2N f ) symmetry at large coupling −g V > −g V,c −c 2 (N f ) > 0 with order parameter ψ ψ . The critical behavior has been discussed within a functional RG approach [20] , yielding the following predictions for correlation-length critical exponent ν and order-parameter anomalous dimension η
For N f > 6, where the Thirring fixed point again becomes critical also in the presence of U(2N f )-breaking interactions, the ordering presumably no longer breaks the chiral symmetry [3] , but the exact type of ordering is unknown. The ordering is also not clearly identifiable for the Thirring fixed point's equivalent for g V ↔ g T for N f > 6, i.e., the fixed point K.
By contrast, the fixed point and the associated critical behavior of the three-dimensional Gross-Neveu model in the irreducible representation of the Clifford algebra (A in our notation) is fairly well known [5] [6] [7] [8] [9] [10] . As expected from the location of the fixed point on the (ψγ 35 ψ) 2 = (χχ) 2 axis, a nonvanishing order parameter ψ γ 35 ψ = χχ = 0 occurs for large coupling g P > g * P | A ≡ a and thus breaks the parity symmetry while leaving the U(2N f ) symmetry intact. Here again, ψ corresponds to N f flavors of reducible four-component Dirac spinors and χ to the corresponding 2N f two-component (Weyl) spinors [see Eq. (17)]. In the system of interacting fermions on graphene's honeycomb lattice the phase transition into the quantum anomalous Hall state that is predicted for large next-to-nearest neighbor interactions (at least for N f = 1 [28] ) is expected to be governed by fixed point A [22] . The critical behavior (for the example of N f = 2) is determined by the exponents (73) where the ranges indicate the different predictions obtained by (4 − ) expansion [6] , large-N f expansion [8] , Monte-Carlo simulations [9] , and functional RG [10] . A recent overview of the literature results can be found in Ref. [23] .
The fixed point D of the Gross-Neveu model in the reducible representation has been considered in Refs. [12, 22, 63, 64] . D determines the critical behavior of the discrete-chiral-symmetry breaking with order parameter ψ ψ which becomes finite for g S > a. On the honeycomb lattice, it has been ascribed to the transition into the charge density wave phase that is expected for large nearest-neighbor interaction [21, 22] . The critical behavior for N f ≥ 2 coincides with the one in the irreducible Gross-Neveu model [Eq. (73)], at least to the order that the exponents have been computed so far [10, 12, 63, 64] . 4 However, we would like to emphasize again that D develops two relevant directions in the one-flavor case. There is therefore a fundamental difference between the irreducible and reducible Gross-Neveu models for N f = 1: As long as only one microscopic parameter of a model, e.g., for spinless fermions on the honeycomb lattice, is tuned, only A describes a second order phase transition, and it can be driven by increasing g P for small g S and g V . By increasing the microscopic coupling g S and keeping g P and g V small and, say, positive we might find a phase transition, which, however, is not governed by fixed point D but instead by the critical fixed point E.
Within the present approximation it is hard to decide which order parameter is induced at fixed point E. A simplistic approach often applied [40] is given by keeping track of the "amount of divergence" of the various condensation channels, in order to determine in which channel the couplings diverges "first". In our one-loop flow, the line connecting E and the Gaussian fixed point O is a RG attractive one-dimensional subspace for N f = 1 and positive couplings. E.g., if we start the flow in the UV near the reducible-Gross-Neveu axis at g = (g S , g V , g P ) with 0 < g V , g P g S and g S above but close to the critical g * S = 1/2, the couplings will always run to the OE axis before they eventually diverge at a finite RG scale t 0 . From the values of the fixed-point couplings [Eq. (61)] we find the following ordering of couplings for t → t 0
i.e., the coupling g S diverges "fastest". From this simplistic analysis one might thus speculate that fixed point E governs a condensation in the (S) 2 channel with order parameter ψ ψ . That is, with increase of the microscopic coupling g S the Gross-Neveu model with reducible, four-component, Dirac spinors should exhibit a continuous phase transition beyond which the discrete Z 2 chiral symmetry is spontaneously broken, a prediction that is consistent with the mean-field theory for a system with large g S (ψψ) 2 interaction and g S > 0 [12] . This, of course, requires confirmation beyond the present analysis. In any case, however, we believe there is no reason to expect the critical fixed point E to exhibit the same critical behavior as fixed point A. In our approximation, the largest critical exponent is Θ = (d−2)+O((d−2)
2 ) at any critical fixed point. Yet, already the second-largest exponents that can be associated to the (universal) corrections to scaling do not coincide: at fixed point A we obtain
whereas for fixed point E we get
Beyond our approximation, one would expect already the leading exponents, for instance ν or η, to receive different corrections at the two inequivalent fixed points. If true, the irreducible and reducible Gross-Neveu models as defined by fixed points A and E thus represent an example of two three-dimensional fermion systems which both show spontaneous breaking of Z 2 symmetry, but differ in their corresponding critical behavior. This touches a general issue on universality in fermionic systems: What are the defining properties that determine a specific universality class? Our results suggest that in fermionic systems the symmetry of the order parameter and the dimension and field content of the given system does not yet uniquely define the critical behavior. Instead, additional "spectator symmetries" that do not take part in the symmetry breaking pattern might also play a decisive role. In our case, this is the U(2N f ) versus Z 2 × U(N f ) × U(N f ) symmetry that discriminates between the irreducible and reducible Gross-Neveu models. We believe that these general questions on universality are an interesting direction for future research, and the models presented here constitute a suitable playground to study them. The fixed point H that becomes critical for 2 ≤ N f < N (1) f ≈ 3.8 has the interesting property that for N f = 3.5 it is located exactly on the axis at which all four couplings coincide, g S = g P = g V = g T < 0. By means of the Fierz identities the system on this axis can be written with pure 2 condensation channel to become critical at this fixed point, and this should remain true also for other values of N f not too far from N f = 3.5. However, the critical behavior of this system is unknown to us.
We are also not able to make any substantial comment on the IR behaviors of the fixed points I and J . Both are critical fixed points for N
f , but cannot be associated to one of the possible condensation channels in an obvious way.
X. CONCLUSIONS
Our study of a general class of relativistic fermion theories in 2 < d < 4 space-time dimensions with continuous chiral U(N f )×U(N f ) symmetry has revealed a network of RG fixed points. In a unified framework, our description includes a number of well-studied models such as various versions of the Gross-Neveu model and the Thirring model. If persistent also beyond our simple pointlike approximation, each fixed point defines its own universality class thus facilitating both different continuum limits and corresponding microscopic "theories" as well as a diversity of possible long-range phenomena.
We pay particular attention to those fixed points with only one RG relevant direction. These are candidates for critical points of a second-order quantum phase transition. It is one of our main results that the nature of these critical fixed points in the present model depends on the number of flavors. While the fixed point A corresponding to the irreducible Gross-Neveu model is a critical fixed point for any number of flavors, the fixed point D for the reducible Gross-Neveu model is only a critical fixed point for N f ≥ 2 whereas it is not for N f = 1. Most interestingly, the Thirring fixed point C is a critical fixed point for N f = 1 and for N f > 6. While all these results are in agreement with the corresponding large-N f analyses of these theories, they indicate that both the microscopic as well as the long-range behavior of these systems can change drastically as a function of N f .
Within the limit of pointlike interactions, we have proven a number of properties of invariant subspaces of the RG flow. While subspaces of higher symmetry are always guaranteed to be invariant subspaces, the structure of our RG flows allows to define further criteria that are not necessarily related to higher symmetries. Subspaces with higher symmetry can lead to the phenomenon of emergent symmetry in the long-range physics if this subspace is not only invariant but also RG attractive towards the IR. Again we found that the emergence of higher symmetry can be a flavor-number dependent property. For instance, the Thirring subspace of higher U(2N f ) symmetry is attractive only for N f > N (2) f and N f = 1 in the vicinity of the Thirring fixed point C.
As our approach is equivalent to the one-loop (2 + )-expansion, at the very least it establishes the existence of N (2) f and its accompanying qualitatively different behavior for N f < N (2) f . One should expect that our estimate for its value in d = 3 within the present simple truncation is subject to quantitative improvement beyond the pointlike limit. Nevertheless, we find it interesting that our one-loop result N [3, 66] . It could potentially also resolve the contradiction between the critical behaviors found in the continuum Thirring model and its lattice version, as discussed in [3] .
For N f = 1, our theory space describes the system of interacting spinless fermions on the honeycomb lattice, a simple model for graphene. This model has thoroughly been investigated previously [22, 28, 67, 68] . Within our RG approach, we rediscover the simple mean-field phase diagram which exhibits besides the semimetallic phase at weak coupling two gapped phases, which are approached by tuning nearest-and next-nearest-neighbor interactions, respectively, above a strong-coupling threshold. The appropriate order parameters are ψ ψ (charge density wave phase) and ψ γ 35 ψ (quantum anomalous Hall phase), respectively, each indicating a spontaneous breaking of a Z 2 symmetry. We can associate these second-order quantum phase transitions with their corresponding critical fixed points. The transition into the quantum anomalous Hall phase is determined by the irreducible-Gross-Neveu fixed point A, located on the axis with pure (ψγ 35 ψ) 2 , as one would naively also expect from mean-field theory. A similar expectation, however, could fail in the case of the charge density wave transition. Our results indicate that this transition is not to be associated with the reducible-Gross-Neveu fixed point D, which is located on the axis with pure (ψψ) 2 interaction and for N f = 1 has two RG relevant directions. Instead, the charge density wave transition may be governed by fixed point E, at which all short-range interactions become finite.
Our results also provide evidence for a new feature of universality: whereas universality is conventionally considered as being governed by the symmetry of the order parameter, the dimensionality and the number of longrange interactions, our theory space appears to contain a possible counter-example: for N f = 1, there are two critical fixed points in the theory space (A and E in our notation) which are likely to be associated with a second-order phase transition involving the breaking of a Z 2 symmetry. In the irreducible Gross-Neveu model, the phase transition describes a breaking of parity symmetry, whereas the reducible Gross-Neveu model goes along with a breaking of a discrete chiral symmetry. In both cases, we have a Z 2 order parameter (real scalar field) and the same number of massless fermion modes near the phase transition. The main conceptual difference of the two models lies in the additional spectator symmetries, which remain intact across the phase transition. More formally, the phase transition is related to two inequivalent RG fixed points lying in different invariant subspaces of the full theory space. Quantitatively, we observe that the corresponding critical exponents of the fixed points differ. Whereas our simple approximation yields differing exponents only for the subleading exponents, there is a priori no reason why an improved approximation should not lead to differences also for the leading relevant exponent. If this is the case for the phase diagram of spinless fermions on the honeycomb lattice, this would implicate that the two possible phase transitions lie in different universality classes. Even though both transitions would go along with the breaking of a discrete Z 2 symmetry, they should exhibit a different set of critical exponents. The recent advances in overcoming the sign problem in lattice Monte Carlo simulations [69] may allow to test this prediction in the near future.
